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ON QUASI-ENERGY-SPECTRA, PAIR
CORRELATIONS OF SEQUENCES AND
ADDITIVE COMBINATORICS
Ida Aichinger, Christoph Aistleitner, and Gerhard Larcher
Abstract The investigation of the pair correlation statistics of sequences was ini-
tially motivated by questions concerning quasi-energy-spectra of quantum systems.
However, the subject has been developed far beyond its roots in mathematical
physics, and many challenging number-theoretic questions on the distribution of
the pair correlations of certain sequences are still open. We give a short introduction
into the subject, recall some known results and open problems, and in particular
explain the recently established connection between the distribution of pair corre-
lations of sequences on the torus and certain concepts from additive combinatorics.
Furthermore, we slightly improve a result recently given by Jean Bourgain in [1].
1 INTRODUCTION
Some of Ian Sloan’s first published papers dealt with topics from mathematical
physics, in particular with theoretical nuclear physics. Later he moved his area
of research to applied mathematics and numerical analysis, and in particular Ian’s
ground-breaking work on complexity theory, numerical integration and mathemati-
cal simulation is well-known and highly respected among the scientific community
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of mathematicians. The techniques developed and analyzed by Ian in these fields are
often based on the use of deterministic point sets and sequences with certain “nice”
distribution properties, a method which is nowadays widely known under the name
of quasi-Monte Carlo method (QMC). In the present paper we will combine these
two topics, mathematical physics and the distribution of point sets.
Ian’s first research paper appeared 1964 in the Proceedings of the Royal Soci-
ety (London), entitled “The method of polarized orbitals for the elastic scattering
of slow electrons by ionized helium and atomic hydrogen” [24]. In the same jour-
nal, but thirteen years later, Berry and Tabor published a groundbreaking paper on
“Level clustering in the regular spectrum” [4]. This paper deals with the investiga-
tion of conservative quantum systems that are chaotic in the classical limit. More
precisely, the paper deals with statistical properties of the energy spectra of these
quantum systems, and Berry and Tabor conjectured that for the distribution function
of the spacings between neighboring levels of a generic integrable quantum system
the exponential Poisson law holds. That means, roughly speaking, the following.
Let H be the Hamiltonian of a quantum system and let λ1 ≤ λ2 ≤ . . . be its
discrete energy spectrum. We call the numbers λi the levels of this energy spectrum.
If it is assumed that
#{i : λi ≤ x} ∼ cxγ
for x→ ∞ and some constants c > 0, γ ≥ 1, then consider Xi := cλ γi . The Berry–
Tabor conjecture now states that if the Hamiltonian is classically integrable and
“generic”, then the Xi have the same local statistical properties as independent ran-
dom variables coming from a Poisson process. Here the word “generic” is a bit
vague; it essentially means that one excludes the known obvious (and less obvious)
counterexamples to the conjecture. For more material on energy spectra of quantum
systems and the following two concrete examples see the original paper of Berry
and Tabor [4] as well as [5, 9, 16] and Chapter 2 in [7]. For a survey on the Berry–
Tabor conjecture see [17].
Two basic examples of quantum systems are the two-dimensional “harmonic os-
cillator” with Hamiltonian
H = p2x + p
2
y+w
2
(
x2+ y2
)
and the “boxed oscillator”. This is a particle constrained by a box in x-direction and
by a harmonic potential in y-direction; the Hamiltonian in this case is given by
H =−p2x− p2y+w2y2.
The investigation of the distribution of the energy levels in these two examples leads
to the investigation of the pair correlation statistics of certain sequences (θn)n≥1 in
the unit interval. More specifically, one is led to study the pair correlations of the
sequence ({nα})n≥1 in the case of the 2-dimensional harmonic oscillator, and the
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pair correlations of the sequence
({
n2α
})
n≥1 in the case of the boxed oscillator;
here, and in the sequel, we write {·} for the fractional part function. In particular,
for these sequences one is led to study the quantity R2, which is introduced below.
Let (θn)n≥1 be a sequence of real numbers in [0,1], and let ‖ · ‖ denote the dis-
tance to the nearest integer. For every interval [−s,s] we set
R2
(
[−s,s],(θn)n≥1,N
)
=
1
N
#
{
1≤ j 6= k≤ N :
∥∥θ j−θk∥∥≤ s
N
}
.
The subscript “2” of “R2” refers to the fact that these are the pair correlations,
that is, the correlations of order 2 – in contrast to triple correlations or correlations
of even higher order. Note that the average spacing between two consecutive ele-
ments of {θ1, . . . ,θN} (understood as a point set on the torus) is 1/N, and thus for
an “evenly distributed” point set one would expect to find roughly 2s other points
within distance [−s/N,s/N] around a given point θ j , causing R2([−s,s],(θn)n≥1,N)
to be approximately 2s for such a point set (after summing over all elements of the
point set and then normalizing with division by N). Actually, for a sequence of in-
dependent, [0,1]-uniformly distributed random variables θ1,θ2, . . . one can easily
show that for every s≥ 0 we have
R2([−s,s],(θn)n≥1,N)→ 2s,
almost surely. If this asymptotic relation holds for the distribution of pair correla-
tions of a certain sequence we say that the distribution of the pair correlations is
asymptotically Poissonian. Informally speaking, a sequence whose distribution of
the pair correlations is asymptotically Poissonian may be seen as a sequence show-
ing “random” behavior, and the investigation of the asymptotic distribution of the
pair correlations of a deterministic sequence may be seen as studying the pseudo-
randomness properties of this sequence.
The systematic investigation of the asymptotic distribution of the pair correla-
tion of sequences on the torus (motivated by the applications in quantum physics)
was started by Rudnick and Sarnak in [20] for the case of sequences of the form({
ndα
})
n≥1 for integers d ≥ 1. In the case d = 1, the distribution of the pair cor-
relations is not asymptotically Poissonian (independent of the value of α); this was
remarked for example in [20] with a hint to the well-known Three Distance The-
orem, which goes back to S´wierczkowski and So´s [25]. For d ≥ 2 the distribution
of the pair correlations is asymptotically Poissonian for almost all α , which has
been proved by Rudnick and Sarnak [20]. The case d = 2 (which corresponds to the
energy levels of the boxed oscillator) has received particular attention; see for exam-
ple [14, 18, 21, 29]. A generalization from ({ndα})n≥1 to the case of ({a(n)α})n≥1
with a(x) ∈ Z[x] is obtained in [6]; again the pair correlations are asymptotically
Poissonian for almost all α , provided that the degree of a(x) is at least 2. Another
case which has been intensively investigated is that of ({a(n)α})n≥1 for (a(n))n≥1
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being a lacunary sequence; see for example [3, 11, 22].
In [1] a general result was proved which includes earlier results (polynomial se-
quences, lacunary sequences, and sequences satisfying certain Diophantine condi-
tions) and gives a unifying explanation. This result links the distribution of the pair
correlations of the sequence ({a(n)α})n≥1 to the additive energy of the truncations
of the integer sequence (a(n))n≥1, a well-known concept from additive combina-
torics which has been intensively studied. Recall that the additive energy E(A) of a
set of real numbers A is defined as
E(A) := ∑
a+b=c+d
1, (1)
where the sum is extended over all quadruples (a, b, c, d) ∈ A4. Trivially one has
the estimate |A|2 ≤ E(A) ≤ |A|3, assuming that the elements of A are distinct. The
additive energy of sequences has been extensively studied in the combinatorics liter-
ature. We refer the reader to [28] for a discussion of its properties and applications.
To simplify notations, in the sequel whenever a sequence A := (a(n))n≥1 is fixed we
will abbreviate R2 (s,α,N) for R2
(
[−s,s] ,({a(n)α})n≥1 ,N
)
. Furthermore we will
let AN denote the first N elements of A. The result states that if the truncations AN
of an integer sequence A satisfy E (AN)≪N3−ε for some ε > 0, then ({a(n)α})n≥1
has (asymptotically) Poissonian pair correlations for almost all α . More precisely,
the following theorem is true.
Theorem 1. Let (a(n))n≥1 be a sequence of distinct integers, and suppose that there
exists a fixed constant ε > 0 such that
E (AN)≪ N3−ε as N→ ∞. (2)
Then for almost all α one has
R2 (s,α,N)→ 2s as N→ ∞ (3)
for all s≥ 0.
Note that the condition of Theorem 1 is close to optimality, since by the trivial
upper bound we always have E (AN) ≤ N3; thus an arbitrarily small power savings
over the trivial upper bound assures the “quasi-random” behavior of the pair corre-
lations of ({a(n)α})n≥1. On the other hand, in [1] Bourgain showed the following
negative result.
Theorem 2. If E (AN) = Ω
(
N3
)
, then there exists a subset of [0,1] of positive
measure such that for every α from this set the pair correlations of the sequence
({a(n)α})n≥1 are not asymptotically Poissonian.
We conjecture that actually even the following much stronger assertion is true.
Conjecture 1. If E (AN) = Ω
(
N3
)
there is no α for which the pair correlations of
the sequence ({a(n)α})n≥1 are Poissonian.
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In this paper we will prove a first partial result which should support this con-
jecture. However, before stating and discussing our result (which will be done in
Section 2 below), we want to continue our general discussion of pair correlation
problems. As one can see from the previous paragraphs, the metric theory of pair
correlation problems on the torus is relatively well-understood. In contrast, there are
only very few corresponding results which hold for a specific value of α . The most
interesting case is that of the sequence ({n2α})n≥1, where it is assumed that there is
a close relation between Diophantine properties of α and the pair correlations distri-
bution. For example, it is conjectured that for a quadratic irrational α this sequence
has a pair correlations distribution which is asymptotically Poissonian; however, a
proof of this conjecture seems to be far out of reach. A first step towards a proof of
the conjecture was made by Heath-Brown [14], whose method requires bounds on
the number of solutions of certain quadratic congruences; this topic was taken up
by Shparlinski [26, 27], who obtained some improvements, but new ideas seem to
be necessary for further steps toward a solution of the conjecture.
It should also be noted that the investigation of pair correlation distributions
is not restricted to sequences of the torus. For example, consider a positive def-
inite quadratic form P(x,y) = αx2 + βxy+ γy2, and its values at the integers
(x,y) = (m,n) ∈ Z2. These values form a discrete subset of R, and one can study
the pair correlations of those numbers contained in a finite window [0,N]. See for
example [23, 30]. Another famous occurrence of the pair correlation statistics of
an unbounded sequence in R is in Montgomery’s pair correlation conjecture for the
normalized spacings between the imaginary parts of zeros of the Riemann zeta func-
tion. The statement of the full conjecture is a bit too long to be reproduced here; we
just want to mention that it predicts a distribution of the pair correlations which is
very different from “simple” random behavior. For more details see Montgomery’s
paper [19]. There is a famous story related to Montgomery’s conjecture; he met
the mathematical physicist Freeman Dyson at tea time at Princeton, where Freeman
Dyson identified Montgomery’s conjectured distribution as the typical distribution
of the spacings between normalized eigenvalues of large random Hermitian matri-
ces – an observation which has led to the famous (conjectural) connection between
the theory of the Riemann zeta function and randommatrix theory. The whole story
and more details can be found in [8].
2 New results
In the sequel we give a first partial result towards a solution of the conjecture made
above. Before stating the result we introduce some notations, and explain the back-
ground from additive combinatorics. For v ∈ Z let AN(v) denote the cardinality of
the set {
(x,y) ∈ {1, . . . ,N}2 ,x 6= y : a(x)− a(y) = v
}
.
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Then
E (AN) = Ω
(
N3
)
(4)
is equivalent to
∑
v∈Z
A2N(v) = Ω
(
N3
)
, (5)
which implies that there is a κ > 0 and positive integers N1 < N2 < N3 < .. . such
that
∑
v∈Z
A2Ni(v)≥ κN3i , i= 1,2, . . . . (6)
It will turn out that sequences (a(n))n≥1 satisfying (4) have a strong linear sub-
structure. From (6) we can deduce by the Balog–Szemeredi–Gowers-Theorem (see
[2] and [13]) that there exist constants c,C > 0 depending only on κ such that for
all i= 1,2,3, . . . there is a subset A
(i)
0 ⊂ (a(n))1≤n≤Ni such that∣∣∣A(i)0 ∣∣∣≥ cNi and ∣∣∣A(i)0 +A(i)0 ∣∣∣≤C ∣∣∣A(i)0 ∣∣∣≤CNi.
The converse is also true: If for all i for a set A
(i)
0 with A
(i)
0 ⊂ (a(n))1≤n≤Ni with∣∣∣A(i)0 ∣∣∣≥ cNi we have ∣∣∣A(i)0 +A(i)0 ∣∣∣≤C ∣∣∣A(i)0 ∣∣∣, then
∑
v∈Z
A2Ni(v)≥
1
C
∣∣∣A(i)0 ∣∣∣3 ≥ c3C N3i
and consequently ∑v∈ZA2N(v) = Ω
(
N3
)
(this an elementary fact, see for example
Lemma 1 (iii) in [15].)
Consider now a subset A
(i)
0 of (a(n))1≤n≤Ni with∣∣∣A(i)0 ∣∣∣≥ cNi and ∣∣∣A(i)0 +A(i)0 ∣∣∣≤C ∣∣∣A(i)0 ∣∣∣ .
By the theorem of Freiman (see [12]) there exist constants d and K depending only
on c and C, i.e. depending only on κ in our setting, such that there exists a d-
dimensional arithmetic progression Pi of size at most KNi such that A
(i)
0 ⊂ Pi. This
means that Pi is a set of the form
Pi :=
{
bi+
d
∑
j=1
r jk
(i)
j
∣∣∣∣∣0≤ r j < s(i)j
}
, (7)
with bi,k
(i)
1 , . . . ,k
(i)
d ,s
(i)
1 , . . . ,s
(i)
d ∈ Z and such that s
(i)
1 s
(i)
2 . . . s
(i)
d ≤ KNi.
In the other direction again it is easy to see that for any set A
(i)
0 of the form (7)
we have ∣∣∣A(i)0 +A(i)0 ∣∣∣≤ 2dKNi.
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Based on these observations we make the following definition:
Definition 1. Let (a(n))n≥1 be a strictly increasing sequence of positive integers.
We call this sequence quasi-arithmetic of degree d, where d is a positive integer, if
there exist constants C,K > 0 and a strictly increasing sequence (Ni)i≥1 of positive
integers such that for all i≥ 1 there is a subset A(i)⊂ (a(n))1≤n≤Ni with
∣∣∣A(i)∣∣∣≥CNi
such that A(i) is contained in a d-dimensional arithmetic progression P(i) of size at
most KNi.
The considerations above show that a sequence (a(x))x≥1 is quasi-arithmetic of
some degree d if and only if it satisfies (5).
So our conjecture is equivalent to
Conjecture 2. If (a(n))n≥1 is a quasi-arithmetic sequence of integers then there is no
α such that the pair correlations of ({a(n)α})x≥1 are asymptotically Poissonian.
In the remaining part of this paper we will prove a theorem which slightly improve-
ments the Theorem 2 of Bourgain for the subclass of sequences (a(n))n≥1 which are
quasi-arithmetic of degree 1.
Theorem 3. If the sequence of integers (a(n))n≥1 is quasi-arithmetic of degree 1,
then the set of α’s for which the distribution of the pair correlations of ({a(n)α})n≥1
is not asymptotically Poissonian has full measure.
Remark. The class of quasi-arithmetic sequences (a(n))n≥1 of degree 1 contains
all strictly increasing sequences with positive upper density, i.e.
limsup
N→∞
1
N
N
∑
n=1
m∈{a(n)| n≥1}
1> 0.
In particular this class contains all strictly increasing sequences which are bounded
above by a linear function.
We will first state two auxiliary results in Section 3, and then give the proof of
Theorem 3 in Section 4.
3 Auxiliary results
Lemma 1. Let (λn)n≥1 be a strictly increasing sequence of positive integers. Let µn
be the number of fractions of the form jλ−1n (0< j < λn) which are not of the form
kλ−1q with some q< n and k< λq. Furthermore, let (ψn)n≥1 be a non-increasing se-
quence of positive reals such that ∑∞n=1ψn = ∞ and with the following property (*):
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There exists a sequence (τn)n≥1 of positive reals tending monotonically to zero,
but so slowly that ∑∞n=1ψnτn still diverges, and such that there exist a constant c> 0
and infinitely many positive integers N with
N
∑
n=1
µnλ
−1
n ψnτn > c
N
∑
n=1
ψnτn.
Then – if (*) holds – for almost all θ ∈R there exist infinitely many positive integers
n, and integers m, such that
0≤ λnθ −m< ψn.
Proof. This lemma is essentially the divergence part of Theorem IV in [10]. It is
shown there that the assertion of our Lemma 1 is true under the slightly stronger
condition that (ψn)n≥1 – as in our Lemma – is a non-increasing sequence of positive
reals with ∑∞n=1 ψn = ∞, and that (λn)n≥1 satisfies
liminf
N→∞
1
N
N
∑
n=1
µnλ
−1
n > 0.
If we follow the proof of Theorem IV in [10] line by line we see that our slightly
weaker condition (*) also is sufficient to obtain the desired result. In fact replacing
Cassel’s condition by our condition (*) is relevant only in the proof of Lemma 3 in
[10], which is an auxiliary result for the proof of Theorem IV in [10]. ⊓⊔
Lemma 2. For all δ > 0 there is a positive constant c(δ ) > 0, such that for every
infinite subset A of N with
d(A) := liminf
N→∞
1
N
#{n≤ N | n ∈ A}> δ
we have
liminf
N→∞
1
N
∑
n≤N
n∈A
ϕ(n)
n
≥ c(δ ).
Here ϕ denotes the Euler totient function.
Proof. Let
B(t) := lim
N→∞
1
N
∣∣∣∣{n≤ N ∣∣∣∣ nϕ(n) ≥ t
}∣∣∣∣ .
Then by the main theorem in [31] the limit B(t) exists and satisfies
B(t) = exp
(
−ete−γ (1+O(t−2)))
for t to infinity and with γ denoting Euler’s constant. Here, and in the sequel, we
write exp(x) for ex. (Note: An earlier version of the paper contained an error in the
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formula for the function B(t) above. The same error also appears in the printed ver-
sion of the paper. This error also requires corrections in the remaining part of the
proof of the lemma, which appears in corrected form below.)
So there is a constant L> 0 such that
B(t)≤ exp
(
−ete−γ
(
1− L
t2
))
for all t ≥ 1. Hence
B(t)≤ exp
(
−e
te−γ
2
)
for all t ≥max
(
1,
√
2L
)
. Now assume that δ > 0 is so small that
t0 := e
γ log
(
−2log δ
4
)
>max
(
1,
√
2L
)
.
Note that it suffices to prove the lemma for such δ . We have
B(t0) = lim
N→∞
1
N
∣∣∣∣{n≤ N ∣∣∣∣ nϕ(n) ≥ t0
}∣∣∣∣
and
B(t0)≤ exp
(
−e
t0e
−γ
2
)
=
δ
4
.
Hence there exists N0 such that for all N ≥ N0
1
N
∣∣∣∣{n≤ N ∣∣∣∣ nϕ(n) ≥ t0
}∣∣∣∣≤ δ3 .
Therefore, since d(A)> δ , for all sufficiently large N we have
1
N
∣∣∣∣{n≤ N,n ∈ A ∣∣∣∣ nϕ(n) ≤ t0
}∣∣∣∣≥ δ3
and consequently also
1
N
∑
n≤N
n∈A
ϕ(n)
n
≥ δ
3
1
t0
=: c(δ )> 0.
⊓⊔
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4 Proof of Theorem 3
Let (a(n))n≥1 be quasi-arithmetic of degree one and letC,K > 0,(Ni)i≥1 ,
(
A(i)
)
i≥1
and
(
P(i)
)
i≥1
be as described in Definition 1. In the sequel we will define induc-
tively a certain strictly increasing subsequence (Ml)l≥1 of (Ni)i≥1.
Set M1 := N1 and assume that M1,M2, . . . ,Ml−1 already are defined. If Ml = Nil
(where il still has to be defined) to simplify notations we write Al :=A
(il), Pl :=P
(il).
We set
Pl := {al+ rκl | 0≤ r < KMl}
and
Al :=
{
al + r
(l)
j κl
∣∣∣ j = 1,2, . . . ,sl}
with certain fixed r
(l)
j with 1≤ r(l)1 < r(l)2 < .. . < r(l)sl <KMl and sl ≥CMl . Of course
we have sl < KMl .
We consider
Vl :=
{(
r
(l)
i − r(l)j
)
κl
∣∣∣1≤ j < i≤ sl} ,
the set of positive differences of Al . Here Vl is the set itself, whereas by V˜l we will
denote the same set of positive differences but counted with multiplicity (so strictly
speaking V˜l is a multi-set rather than a set). Hence |Vl |< KMl , whereas∣∣∣V˜l∣∣∣= sl (sl− 1)
2
≥ c1M2l .
Here and in the sequel we write ci for positive constants depending only on C and
K. We note that a value u ∈Vl has multiplicity at most sl .
Let x be the number of elements in Vl with multiplicity at least c2Ml where
c2 := min
(
K, c1
2K
)
. Assume that x< c2Ml . Then
c1M
2
l ≤
∣∣∣V˜l∣∣∣≤ xsl +(|Vl |− x)c2Ml
≤ xKMl +(KMl− x)c2Ml
= Ml (x(K− c2)+Kc2Ml)
< M2l (c2 (K− c2)+Kc2)
< M2l c1,
a contradiction.
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So there are at least c2Ml values u ∈ Vl with multiplicity at least c2Ml . We take
the
c2
2
Ml largest of these values and denote them by T
(l)
1 < T
(l)
2 < .. . < T
(l)
wl with
wl ≥ c22 Ml and T
(l)
j := R
(l)
j κl . Note that
c2
2
Ml ≤ R(l)1 < .. . < R(l)wl < KMl . (8)
Remember that we still have to choose il > il−1 and to define Ml as Nil . We
choose now il so large that
Ml >
(
l−1
∑
p=1
wp
∑
q=1
T
(p)
q
)2
. (9)
So altogether we have constructed a strictly increasing sequence λ1 < λ2 < λ3 <
.. . of integers given by T
(1)
1 < .. . < T
(1)
w1 < T
(2)
1 < .. . < T
(2)
w2 < T
(3)
1 < .. ..
Furthermore we define a decreasing sequence (ψn)n≥1 of positive reals in the
following way. If λn is such that T
(l)
1 ≤ λn ≤ T (l)wl , then ψn := 1Ml .
Obviously we have
lim
n→∞ψn = 0
and
∞
∑
n=1
ψn ≥
∞
∑
l=1
wl
1
Ml
≥
∞
∑
l=1
c2
2
Ml
1
Ml
= ∞.
We will show below that (λn) and (ψn) satisfy the condition (*) of Lemma 1.
We choose N := w1+ . . .+wl and first estimate ∑n≤N µnλ−1n ψn from below (for
the definition of µn see Lemma 1). We have
∑
n≤N
µnλ
−1
n ψn ≥
N
∑
n=N−wl+1
µnλ
−1
n ψn.
In the following we estimate µn from below for n with N −wl + 1 ≤ n ≤ N, i.e.,
λn = T
(l)
i = R
(l)
i κl for some i with 1≤ i≤ wl .
Consider first λq with q≤ w1+ . . .+wl−1. Then the number of j with 0≤ j< λn
such that jλ−1n is of the form kλ−1q with 0≤ k < λq trivially is at most λq.
Now consider λq with q> w1+ . . .+wl−1 and λq < λn, i.e.,
λq = T
(l)
h = R
(l)
h κl
12 Ida Aichinger, Christoph Aistleitner, and Gerhard Larcher
for some h with 1≤ h< i. Then the number of j with 0≤ j < λn such that jλ−1n is
not of the form kλ−1q with 0≤ k < λq, i.e., such that
j
λn
=
k
λq
⇔ j
R
(l)
i κl
=
k
R
(l)
h κl
⇔ j
R
(l)
i
=
k
R
(l)
h
does not hold, is at least ϕ
(
R
(l)
i
)
κl . Hence by (8) and by (9)
µn ≥ ϕ
(
R
(l)
i
)
κl−
w1+...+wl−1
∑
q=1
λq
≥ ϕ
(
R
(l)
i
)
κl−
√
Ml ≥ 1
2
ϕ
(
R
(l)
i
)
κl
for all l large enough, say l ≥ l0 (note that R(l)i ≥ c22 Ml).
Therefore for l ≥ l0
∑
n≤N
µnλ
−1
n ψn ≥
N
∑
n=N−wl+1
µnλ
−1
n ψn (10)
≥ 1
Ml
wl
∑
i=1
1
2
ϕ
(
R
(l)
i
)
κl
1
R
(l)
i κl
=
1
2Ml
wl
∑
i=1
ϕ
(
R
(l)
i
)
R
(l)
i
.
Later on we will use the same chain of inequalities starting from the second expres-
sion in (10).
We recall that wl ≥ c22 Ml , and R
(l)
i ≤KMl for all i= 1, . . . ,wl . Hence R(l)1 , . . . ,R(l)wl
form a subset of {1,2, . . . ,KMl} of density at least c3 := c22K . Hence by Lemma 2 we
have for l large enough and with c from Lemma 2 that
∑
n≤N
µnλ
−1
n ψn ≥
K
2
c
( c2
2K
)
=: c4 > 0. (11)
This holds for all N = w1+ . . .+wl and all l ≥ l0.
Finally we have to choose the function (τn)n≥1 from condition (*) in Lemma 1
in a suitable way. If λn is such that T
(l)
1 ≤ λn ≤ T (l)wl , i.e., if ψn = 1Ml , then we set
τn :=
1
l
. Then
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∞
∑
n=1
ψnτn ≥
∞
∑
l=1
wl
1
Ml
1
l
≥
∞
∑
l=1
c2
2
Ml
1
Ml
1
l
= ∞.
Finally, on the one hand for all N = w1+ . . .+wl we have by (10) and (11) that
∑
n≤N
µnλ
−1
n ψnτn ≥
l
∑
l′=l0
c4
1
l′
≥ c5 log l
for all l ≥ l0.
On the other hand we have
∑
n≤N
ψnτn ≤
l
∑
l′=1
wil
1
Ml
1
l
=
l
∑
l′=1
K
1
l
≤ c6 log l.
Consequently
∑
n≤N
µnλ
−1
n ψnτn ≥ c5 log l ≥
c5
c6
∑
n≤N
ψnτn
and the conditions of Lemma 1 are satisfied for (λn)n≥1 and (ψn)n≥1. We conclude
from Lemma 1 that for almost all α there exist infinitely many n such that ‖λnα‖ ≤
ψn holds. Let such an α be given, and let n1 < n2 < n3 < .. . be such that ‖λniα‖ ≤
ψni for all i = 1,2,3, . . .. For any ni let l (ni) be defined such that w1+w2+ . . .+
wl(ni)−1 < ni ≤ w1+w2+ . . .+wl(ni), then ψni = 1Ml(ni) , hence
0≤ ‖λniα‖Ml(ni) < 1
for all i.
Let ρ with 0 ≤ ρ ≤ 1 be a limit point of (‖λniα‖Ml(ni))i=1,2,... . We distinguish
now between two cases.
First case: ρ = 0.
Then there exists a subsequence m1 < m2 < m3 < .. . of n1 < n2 < n3 < .. . such
that
0≤ ‖λmiα‖ <
1
Ml(mi)
c2
4K2
for all i. λmi is an element of Vl(mi) with multiplicity at least c2Ml(mi). Hence there
exist at least c2Ml(mi) pairs (p,q) with
1≤ p< q≤ sl(mi) < KMl(mi)
and
‖{a(q)α}−{a(p)α}‖< 1
Ml(mi)
c2
4K2
.
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Let now s= c2
4K
then for all M = KMl(mi) we have
1
M
#
{
1≤ p 6= q≤M : ‖{a(q)α}−{a(p)α}‖ ≤ s
M
}
≥ c2
K
= 4s,
and hence
R2 ([−s,s] ,α,M) 6→ 2s.
Second case: ρ > 0.
Let ε :=min
(
ρ
2
, c2
8K2
)
> 0. Then there exists a subsequencem1 <m2 <m3 < .. .
of n1 < n2 < n3 < .. . such that
0≤
∣∣Ml(mi) ‖λmiα‖−ρ∣∣< ε
for all i. Hence there exist at least c2Ml(mi) pairs (p,q) with 1 ≤ p < q ≤ sl(mi) <
KMl(mi) and
‖{a(q)α}−{a(p)α}‖ ∈
[
ρ− ε
Ml(mi)
,
ρ + ε
Ml(mi)
]
.
Let s1 := K (ρ− ε) and s2 := K (ρ + ε), then s2− s1 = 2Kε ≤ c24K . Let for M :=
KMl(mi) and j = 1,2:
Λ ( j) :=
1
M
#
{
1≤ p 6= q≤M : ‖{a(q)α}−{a(p)α}‖ ≤ s j
M
}
.
Then Λ (2)−Λ (1) ≥ 1
M
c2
M
K
= c2
K
. Hence at least one of∣∣∣Λ (2)− 2s2∣∣∣≥ c2
8K
or∣∣∣Λ (1)− 2s1∣∣∣≥ c2
8K
holds,
since otherwise
c2
2K
≤
∣∣∣Λ (2)−Λ (1)∣∣∣− 2(s2− s1)
≤
∣∣∣Λ (2)− 2s2−Λ (1)+ 2s1∣∣∣≤ ∣∣∣Λ (2)− 2s2∣∣∣+ ∣∣∣Λ (1)− 2s1∣∣∣
≤ c2
4K
,
which is a contradiction. Therefore either
R2 ([−s1,s1] ,α,M) 6→ 2s1 or
R2 ([−s2,s2] ,α,M) 6→ 2s2,
which proves the theorem.
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